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Abstract
An element g in a group G is real if there exists x ∈ G such that xgx−1 = g−1. If g is
real then all elements in the conjugacy class of g are real. In [GS11b] and [GS11a], Gill and
Singh showed that the number of real GLn(q)-conjugacy classes contained in SLn(q) equals
the number of real PGLn(q)-conjugacy classes when q is even or n is odd. In this paper,
we use generating functions to show that the result is also true for odd q. We then follow
the methods of [GS11b] and [GS11a] to count the number of real Un(q) conjugacy classes
contained in SUn(q) and the number of real conjugacy classes in PGUn(q), and we show that
these are equal to the analogous quantities for GLn(q) and PGLn(q). Thus, we show that
these four sets of conjugacy classes have equal size for all n, q.
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Chapter 1
Introduction
Let G be a group. For g, h ∈ G, we say g is conjugate to h if there exists x ∈ G such that
xgx−1 = h. Conjugacy is an equivalence relation, so we refer to conjugacy classes. We say
g ∈ G is real if g is conjugate to its inverse g−1. If g is real, then every element in the
conjugacy class of g is real, as we now prove. Thus we can refer to real conjugacy classes.
Lemma 1.1. Let G be a group. If g ∈ G is real, then every element in the conjugacy class
of g is also real.
Proof. An arbitrary element of the conjugacy class of g is of the form xgx−1 for some x ∈ G. If
g is real, then there is some y ∈ G such that ygy−1 = g−1. Then (xyx−1)(xgx−1)(xyx−1)−1 =
xygy−1x−1 = xg−1x−1 = (xgx−1)−1, so xgx−1 is real.
The study of real conjugacy classes is motivated by representation theory:
Theorem 1.2 ([JL93, Theorem 23.1]). Let G be a finite group. The number of real-valued
irreducible characters of G is equal to the number of real conjugacy classes of G.
The general linear group of degree n over the finite field Fq is the set of invertible n× n
matrices with entries from Fq. We denote this group by GLn(q). The unitary group Un(q)
is the subgroup of GLn(q
2) which is fixed by the map g 7→ t(Fg)−1, where (Fg)ij = gqij. The
special linear group SLn(q) and special unitary group SUn(q) are the subgroups of GLn(q)
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and Un(q), respectively, consisting of matrices with determinant one. The projective linear
group PGLn(q) and projective unitary group PGUn(q) are the quotients of GLn(q) and Un(q)
by their respective centers.
In [Leh75, Corollary A′′], Lehrer proved the following theorem:
Theorem 1.3. For all n, q, the number of GLn(q) conjugacy classes contained in SLn(q)
equals the number of PGLn(q) conjugacy classes.
In [Mac81, Section 6], Macdonald showed that a similar result holds for unitary groups:
Theorem 1.4. For all n, q, the number of Un(q) conjugacy classes contained in SUn(q)
equals the number of PGUn(q) conjugacy classes.
In this paper, we show that these results still hold when we specialize to real conjugacy
classes. In [GS11b] and [GS11a], Gill and Singh showed that the number of real GLn(q)
conjugacy classes contained in SLn(q) equals the number of real PGLn(q) conjugacy classes
when q is even or n is odd. We show that this result also holds for q odd. We also show
that the number of real Un(q) conjugacy classes contained in SUn(q) and the number of real
PGUn(q) conjugacy classes are equal to the analogous quantities for the general linear group,
and thus all four sets have equal size. Our results are summarized in the following Theorem:
Theorem 1.5. For all n, q, the following sets have equal size:
1. real GLn(q) conjugacy classes contained in SLn(q)
2. real PGLn(q) conjugacy classes
3. real Un(q) conjugacy classes contained in SUn(q)
4. real PGUn(q) conjugacy classes.
Macdonald [Mac81] has shown how to parametrize the conjugacy classes of these groups
using sequences of polynomials (u1(t), u2(t), . . .) which are derived from the elementary di-
visors. We outline these parametrizations in Chapter 2. If ν is the partition where each
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i ∈ N has multiplicity equal to the degree of ui, then the conjugacy class parametrized by
(u1(t), u2(t), . . .) is said to be of type ν.
A polynomial is said to be self-reciprocal if its set of roots is invariant under the map
α 7→ α−1. In [GS11b], Gill and Singh showed that a conjugacy class of GLn(q) is real if and
only if it is parametrized by a sequence of self-reciprocal polynomials, and used this fact
to to calculate glν , the number of real conjugacy classes in GLn(q) of type ν, and slν , the
number of real GLn(q) conjugacy classes of type ν contained in SLn(q).
For a fixed non-square scalar ζ ∈ Fq, g ∈ GLn(q) is said of be ζ-real if it is conjugate to
ζg−1. By substituting ζg−1 for g−1 in the proof of Lemma 1.1, it can be shown that if g is
ζ-real, then all elements in the conjugacy class of g are ζ-real. A polynomial is said to be
ζ-self-reciprocal if its set of roots is invariant under the map α 7→ ζα−1. In [GS11b], Gill
and Singh showed that a conjugacy class of GLn(q) is real if and only if it is parametrized
by a sequence of ζ-self-reciprocal polynomials. In [GS11a], Gill and Singh showed that real
classes of PGLn(q) lift to real or ζ-real classes of GLn(q) and calculated pglν , the number of
real conjugacy classes in PGLn(q) of type ν [GS11a].
We describe self-reciprocal and ζ-self-reciprocal polynomials in Chapter 3. In Chapter 4,
we use the results from [GS11b] and [GS11a] to calculate generating functions for the sums
over all |ν| = n of slν and pglν and we show that these are equal. In Chapter 5, we follow
the methods of [GS11b] and [GS11a] to calculate guν , suν , and pguν for Un(q) and PGUn(q),
and we show that these are equal to the analogous quantities for GLn(q) and PGLn(q).
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Chapter 2
Conjugacy Classes in GLn(q) and Un(q)
Let k be a field, and let V be an n-dimensional vector space over k. By choosing a basis
in V , any invertible linear transformation V → V can be expressed as a matrix in GLn(k).
Elements in GLn(k) are conjugate if and only if they can be defined by the same linear
transformation on the vector space V . Linear transformations on a k-vector space define k[t]-
modules. To count the conjugacy classes of GLn(k), we will count the isomorphism classes
of n-dimensional k[t]-modules which can be defined using invertible linear transformations.
This will correspond to counting sequences of polynomials in k[t] which are derived from the
elementary divisors.
To count the conjugacy classes of Un(q), we will count the isomorphism classes of n-
dimensional k[t]-modules which can be defined using unitary transformations. These corre-
spond to a subset of the sequences of polynomials which parametrize the GLn(q
2) conjugacy
classes. In particular, they correspond to sequences of polynomials which are products of
u-irreducible polynomials.
2.1 Module Theory
Definition 2.1. Let R be a ring. A left R-module is a set M together with:
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1. a binary operation + on M under which M is an abelian group;
2. an action of R on M (i.e. a map R ×M → M) denoted by rm which for all r, s ∈ R
and all m,n ∈M satisfies:
(a) (r + s)m = rm+ sm,
(b) (rs)m = r(sm),
(c) r(m+ n) = rm+ rn,
and if R has a 1:
(d) 1m = m.
When R is a field k, the definition of an R-module coincides with the definition of a
vector space over k.
2.1.1 k[t]-modules
Let k be a field, and let t be an indeterminate. Let V be a vector space over k. Then V is
a k-module. We will now show how to make V into a k[t]-module.
Let T be a fixed linear transformation from V → V . Define T 0 = I to be the identity
map. For n ∈ N, define T n = T ◦ T ◦ · · · ◦ T to be T composed with itself n times. Then for
a polynomial p(t) =
∑
0≤i≤n ait
i ∈ k[t] and a vector v ∈ V , define the action of p(t) on v by
p(t)v =
∑
0≤i≤n
aiT
iv.
This action makes V into a k[t]-module.
An R-module M is a torsion module if for each m ∈M , there is some r ∈ R, r 6= 0, such
that rm = 0.
Lemma 2.2. If V is finite dimensional, then V is a torsion k[t]-module.
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Proof. Let V be a vector space of finite dimension n, and let T be a linear transforma-
tion defining a k[t]-module structure on V . Then the set {v, Tv, T 2v, . . . , T nv} is lin-
early dependent, so there is some choice of scalars a0, . . . , an ∈ k, not all zero, such that
a0v + a1Tv + · · ·+ anT nv = 0.
A polynomial ring k[t] over a field k is a principal ideal domain (PID), and a finite-
dimensional vector space over a finite field is finitely generated. Thus, we can apply the
following theorem.
Theorem 2.3. (Fundamental Theorem of Finitely Generated Modules over a PID,
Elementary Divisor Form.) Let R be a PID and let M be a finitely generated R-module. Then
M is the direct sum of a finite number of cyclic modules whose annihilators are either (0)
or generated by powers of primes in R, i.e.
M ∼= Rr ⊕R/ (pα11 )⊕R/ (pα22 )⊕ · · · ⊕R/ (pαtt ) (2.1)
where r ≥ 0 and pα11 · · · pαtt are positive powers of (not necessarily distinct) primes in R.
Further, M is a torsion module if and only if r = 0.
The prime powers pαtt are called elementary divisors and are unique up to multiplication
by units. A proof of Theorem 2.3 can be found in [DF03, Theorem 12.1.6].
2.2 Conjugacy Classes in GLn(q)
In [Mac81, Section 1], Macdonald constructed a parametrization of the conjugacy classes of
GLn(q). We summarize those results in this section.
Let k = Fq be a finite field. For g ∈ GLn(k), let Vg denote the k[t]-module defined by
g. Two elements g, h ∈ GLn(k) are conjugate if and only if the k[t]-modules Vg and Vh are
isomorphic. Thus the conjugacy classes of GLn(k) are in one-to-one correspondence with
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the isomorphism classes of k[t]-modules V such that
dimkV = n (2.2)
and
t · v = 0 implies v = 0. (2.3)
We showed that a finite-dimensional k[t]-module is a torsion module, so we must have
r = 0 in the decomposition in (2.1). The primes in k[t] are irreducible polynomials. We can
uniquely specify the elementary divisors of a k[t]-module if we require them to be monic.
For k[t]-modules satisfying (2.3), powers of t cannot be elementary divisors. Let Φ denote
the set of irreducible polynomials in k[t] excluding the polynomial t.
The dimension of each cyclic module is given by dimk (k[t]/(f)
a) = adeg(f). Thus every
partition-valued function λ on Φ satisfying
∑
f∈Φ
|λ(f)|deg(f) = n (2.4)
defines a k[t]-module satisfying (2.2) and (2.3) whose factorization into elementary divi-
sors is given by
V ∼=
⊕
f∈Φ
⊕
l∈λ(f)
k[t]/
(
f l
)
, (2.5)
where the direct sum is over all multiplicities in the multiset λ(f).
Take any g ∈ GLn(k). Then g defines an n-dimensional k[t]-module with a unique
multiset of monic elementary divisors which are powers of irreducibles in Φ. Define λg to
be the partition-valued function on Φ such that for all i ∈ N, the multiplicity of i in λg(f)
equals the number of times f i appears in the list of elementary divisors of Vg. If no powers
of f appear in the list of elementary divisors, then define λg(f) = ∅. Then λg satisfies (2.4)
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and λg is the unique partition-valued function on Φ such that
Vg ∼=
⊕
f∈Φ
⊕
l∈λg(f)
k[t]/
(
f l
)
. (2.6)
Thus the set of partition-valued functions which satisfy (2.4) are in bijection with the iso-
morphism classes of k[t]-modules which satisfy (2.2) and (2.3), which are in bijection with
the conjugacy classes of GLn(k).
We will now modify this parametrization in order to obtain something that can be counted
directly. Let k¯ denote the algebraic closure of k and let F denote the Frobenius automorphism
α 7→ αq. Irreducible polynomials in k[t] correspond to F -orbits in M = k¯×. That is, each
irreducible polynomial in k[t] is of the form (t − α)(t − αq)(t − αq2) · · · (t − αqd) for some
α ∈M such that αqd+1 = α and αqk 6= α for all 1 ≤ k < d+ 1.
Let µ be the partition-valued function on M defined by µ(y) = λ(f), where f is the
minimal polynomial of y in k[t]. Then
µ(Fy) = µ(y) (2.7)
for all y ∈M and the condition (2.4) becomes
∑
y∈M
|µ(y)| = n. (2.8)
The conjugacy classes of GLn(k) are thus in one-to-one correspondence with the partition-
valued functions µ satisfying (2.7) and (2.8). An element g ∈ GLn(k) defines a k¯[t]-module
V¯g when k is identified with its isomorphic subfield in k¯. The function µ appears in the
decomposition of V¯g,
V¯g ∼=
⊕
y∈M
⊕
l∈µg(y)
k[t]/(t− y)l. (2.9)
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For a partition-valued function µ, define a sequence of polynomials (ui)i∈N where
ui(t) =
∏
y∈M
(t− y)di(µ(y)) (2.10)
where di is the multiplicity of the part i in µ(y). If i /∈ µ(y) then di = 0. The condition (2.7)
ensures that each ui(t) ∈ k[t]. Note that the characteristic polynomial of g is given by
det(t− g) =
∏
f∈Φ
f(t)|λ(f)| =
∏
y∈M
(t− y)|µ(y)| =
∏
i∈N
ui(t)
i. (2.11)
Each sequence of polynomials (ui)i∈N corresponds to a unique partition-valued function µ on
M . Thus the conjugacy classes of GLn(k) are in one-to-one correspondence with sequences
of monic polynomials (ui)i∈N satisfying
ui ∈ k[t], ui(0) 6= 0 (2.12)
for all i ∈ N, and ∑
i∈N
ideg(ui) = n. (2.13)
If deg(ui) = mi, then ν = 1
m12m2 · · · is a partition of n, and we say the conjugacy class
parametrized by u is of type ν.
The number pq,mi of monic polynomials ui of degree mi is
pq,mi =

qmi − qmi−1 mi > 0
1 mi = 0.
(2.14)
Thus the number of conjugacy classes of type ν in GLn(q) is given by
cν =
∏
i∈N
pq,mi (2.15)
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and the total number of conjugacy classes in GLn(q) is given by
cn =
∑
|ν|=n
cν . (2.16)
A generating function for the partition function p(n) is given by
P (x) =
∞∑
n=0
p(n)xn =
∞∏
i=1
∞∑
k=0
(xi)k. (2.17)
In P (x), each partition of x adds 1 to the coefficient of xn. To create a generating function
for cn, we replace the (x
i)k in P (x) with (xi)kpq,k so that each partition ν of n adds cν to
the coefficient of xn. Thus a generating function for cn is given by
C(x) =
∞∑
n=0
cnx
n =
∞∏
i=1
∞∑
k=0
xikpq,k =
∞∏
i=1
( ∞∑
k=0
xikqk −
∞∑
k=1
xikqk−1
)
=
∞∏
i=1
1− xi
1− qxi . (2.18)
2.3 Conjugacy Classes in Un(q)
Recall that the unitary group Un(q) is the subgroup of g ∈ GLn(q2) fixed by the map
σ(g) = t(Fg)−1 where (Fg)ij = g
q
ij.
To prove the next lemma, we require the Lang-Steinberg Theorem [DM91, Theorem 3.10].
Theorem 2.4 (Lang-Steinberg). Let G be a connected affine algebraic group and let F
be a surjective endomorphism of G with a finite number of fixed points. Then the map
L : g 7→ g−1F (g) from G to itself is surjective.
Lemma 2.5 ([Mac81, Lemma 6.1] ). Every conjugacy class of G = GLn(q
2) which intersects
U = Un(q) does so in a single conjugacy class of U .
Proof. Suppose u ∈ U and g ∈ G such that gug−1 ∈ U . We must show that u and gug−1
are conjugate in U . Since gug−1 ∈ U , we have gug−1 = gσug−σ, so g−1gσ ∈ Gu, the
centralizer of u in G. Since uσ = u we have σ(Gu) ⊂ Gu. The kernel of σ is the identity
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because gcd(q, q2 − 1) = 1 so the identity is the only element with order dividing q. Thus
σ|Gu is surjective. Centralizers in G are connected, so by the Lang-Steinberg theorem the
map h 7→ h−1hσ from Gu 7→ Gu is surjective. Thus g−1gσ = h−1hσ for some h ∈ Gu so
gh−1 = gσh−1σ and gh−1 ∈ U . Then gug−1 = gh−1uhg−1 is conjugate to u in U .
Thus, counting the conjugacy classes of Un(q) is equivalent to counting the conjugacy
classes of GLn(q
2) which intersect Un(q). These correspond to the partition-valued functions
µ on M = k¯× satisfying (2.8) and µ(x−q) = µ(x) instead of (2.7) [Mac81, Section 6]. Let F¯
denote the map α 7→ α−q. We say a polynomial is u-irreducible if its roots form a single F¯ -
orbit. That is, a u-irreducible polynomial is of the form (t−α)(t−α−q)(t−αq2) · · · (t−α(−q)d)
where α ∈ M and d ≥ 0 is the smallest number such that α(−q)d+1 = α. Polynomials whose
sets of roots are stable under F¯ are products of u-irreducible polynomials.
Given f(t) =
∑
0≤i≤n ait
i ∈ Fq2 [t], we define the u-reciprocal polynomial f˜(t) as
f˜(t) =
∑
0≤i≤n
(
an−i
a0
)q
ti =
1
aq0
tnf q
(
1
t
)
(2.19)
where we define the action
f q(t) =
∑
0≤i≤n
aqi t
i. (2.20)
Lemma 2.6 ([FNP05, Lemma 1.3.11]). The set of roots of a monic polynomial f(t) is fixed
by F¯ if and only if f(t) = f˜(t).
Proof. Let M = F×q2 . Then each monic f ∈ Fq2 [t] of degree n with nonzero constant term is
of the form
f(t) =
∏
0≤i≤n
(t+ bi) =
∑
0≤i≤n
ait
i (2.21)
where each bi ∈M and these are the additive inverses of the roots of f , and the ai are related
to the bi by
ai =
∑
J⊆{1,2,...,n}
|J |=n−i
∏
j∈J
bj. (2.22)
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Note that
a0 =
∏
0≤i≤n
bi. (2.23)
Then we can also write
ai = a0
∑
J⊆{1,2,...,n}
|J |=i
∏
j∈J
1
bj
. (2.24)
Now we have (
ai
a0
)q
=
 ∑
J⊆{1,2,...,n}
|J |=i
∏
j∈J
1
bj

q
=
∑
J⊆{1,2,...,n}
|J |=i
∏
j∈J
1
bqj
Thus if {bi : 1 ≤ i ≤ n} = { 1bqi : 1 ≤ i ≤ n} then ai =
(
an−i
a0
)q
for each i. So if the set of
roots of f(t) is fixed by F¯ , then f(t) = f˜(t).
Now suppose f(t) = f˜(t). Then for each i,
(
an−i
a0
)q
= ai =
∑
J⊆{1,2,...,n},
|J |=n−i
∏
j∈J
1
bqj
=
∑
J⊆{1,2,...,n},
|J |=n−i
∏
j∈J
bj
so we have
f(t) =
∏
1≤i≤n
(
t− 1
bqi
)
so the set of roots of f(t) is fixed by F¯ .
Lemma 2.7. The number p(u)q,k of monic polynomials of degree k in Fq2 [t] that are products
of powers of u-irreducible polynomials is given by p(u)q,k = q
k + qk−1.
Proof. The coefficients of a u-self-reciprocal polynomial must satisfy ai =
(
ak−i
a0
)q
. Thus the
coefficient a0 must satisfy a
q+1
0 = 1. There are q+ 1 possibilities for a0 in Fq2 , corresponding
to the unique subgroup of order q + 1.
If k is odd, the coefficients a0, . . . , a k−1
2
determine the remaining coefficients. The co-
efficients a1, . . . , a k−1
2
may be chosen arbitrarily from Fq2 , so the total number of possible
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polynomials is (q2)
k−1
2 (q + 1) = qk + qk−1.
If k is even, the coefficients a0, . . . , a k
2
determine the remaining coefficients and the coeffi-
cients a1, . . . , a k−1
2
may be chosen arbitrarily. The coefficient a k
2
must satisfy a k
2
= aqk
2
a−q0 so
either a k
2
= 0 or aq−1k
2
= aq0. There are q− 1 distinct solutions to this equation, so for a fixed
a0 there are q total possibilities for a k
2
. So the total number of self-reciprocal polynomials of
degree k is (q2)
k
2
−1(q + 1)q = qk + qk−1.
The number p(u)q,k is used to count the conjugacy classes of Un(q) in the same way that
pq,k was used to count the conjugacy classes of GLn(q) in Section 2.2. The number c(u)ν of
Un(q) conjugacy classes of type ν is given by
c(u)ν =
∏
i∈N
p(u)q,mi (2.25)
and the number c(u)n of conjugacy classes in Un(q) is given by the generating function
Cu(x) =
∞∑
n=0
c(u)nx
n =
∞∏
i=1
∞∑
k=0
xikp(u)q,k =
∞∏
i=1
( ∞∑
k=0
xikqk +
∞∑
k=1
xikqk−1
)
=
∞∏
i=1
1 + xi
1− qxi .
(2.26)
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Chapter 3
Self-Reciprocal and ζ-Self-Reciprocal
Polynomials
In this chapter we introduce the concepts of self-reciprocal and ζ-self-reciprocal polynomials.
In Chapter 2 we saw that the conjugacy classes of GLn(q) and Un(q) are parametrized by
sequences of polynomials which are products of irreducibles and products of u-irreducibles,
respectively. In Chapter 4, we will see that the sequences of polynomials corresponding to
real classes of GLn(q) and Un(q) are precisely the sequences of self-reciprocal polynomials.
In Chapter 5, we will see that the sequences of polynomials corresponding to real classes
of PGLn(q) and PGUn(q) are the sequences of self-reciprocal polynomials and sequences of
ζ-self-reciprocal polynomials.
3.1 Self-Reciprocal Polynomials
Let k be a field. Given f(t) =
∑
0≤i≤n ait
i ∈ k[t], we define the reciprocal polynomial f¯(t)
as
f¯(t) =
∑
1≤i≤n
an−i
a0
ti =
1
a0
tnf
(
1
t
)
. (3.1)
We say f(t) is self-reciprocal if f(t) = f¯(t).
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Lemma 3.1. The set of roots of a monic polynomial f(t) is invariant under the map α 7→
α−1 if and only if f(t) = f¯(t).
Proof. Let M = k
×
. Then each monic f ∈ k[t] is described by Eqs. 2.21-2.24 where each
bi ∈M and these are the additive inverses of the roots of f .
Suppose {bi : 1 ≤ i ≤ n} = { 1bi : 1 ≤ i ≤ n}. Then applying (2.24) we have
ai
a0
=
∑
J⊆{1,2,...,n}
|J |=i
∏
j∈J
1
bj
=
∑
J⊆{1,2,...,n}
|J |=i
∏
j∈J
bj = an−i
for each 1 ≤ i ≤ n. So if the set of roots of f(t) is invariant under the inverse map, then
f(t) = f¯(t).
Now suppose f(t) = f¯(t) = 1
a0
tnf
(
1
t
)
. Then f¯(α) = f(α) = 0 if and only if f(α−1) = 0, so
the set of roots of f(t) is invariant under the map α 7→ α−1.
Lemma 3.2 ([GS11b, Lemma 2.1]). The number nq,d of monic self-reciprocal polynomials
in Fq[t] of degree d ≥ 1 is given in the following table:
q is odd q is even
d is odd 2q
d−1
2 q
d−1
2
d is even q
d
2 + q
d
2
−1 q
d
2
Proof. Let f(t) =
∑
0≤i≤d ait
i be monic and self-reciprocal. Then by (3.1) we must have
a20 = 1 and so a0 ∈ {−1, 1}. If q is even then a0 = 1 = −1.
Case 1: d is odd. Then a0, a1, . . . , a d−1
2
determine the remaining coefficients and a1, . . . , a d−1
2
can be chosen arbitrarily from Fq.
Case 2: d is even. Then a0, a1, . . . , a d
2
determine the remaining coefficients. The coeffi-
cients a1, . . . , a d
2
−1 can be chosen arbitrarily from Fq. By (3.1) we must have a d
2
= a−10 a d
2
. If
a0 = 1 then a d
2
is arbitrary. If a0 6= 1 then we must have a d
2
= 0.
Note that nq,0 = 1 because the constant polynomial f(t) = 1 is self-reciprocal.
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Lemma 3.3. The set of self-reciprocal polynomials in Fq2 [t] that are products of u-irreducible
polynomials is precisely the set of self-reciprocal polynomials in Fq[t].
Proof. Suppose f(t) ∈ Fq2 [t] is self-reciprocal and is a product of u-irreducible polynomials.
Then the set of roots of f is invariant under the maps α 7→ α−q and α 7→ α−1, so it is
invariant under α 7→ αq. So f(t) ∈ Fq[t]. We claim that every self-reciprocal polynomial
in Fq[t] is a product of u-irreducible polynomials. Let g(t) be a self-reciprocal polynomial
in Fq[t]. Then the set of roots of g is invariant under the maps α 7→ α−1, α 7→ αq so it is
invariant under the map α 7→ α−q. So g is a product of u-irreducible polynomials.
Corollary 3.4. Let n(u)q,d denote the number of self-reciprocal polynomials in Fq2 [t] of degree
d that are products of u-irreducible polynomials. Then
n(u)q,d = nq,d.
3.2 ζ-Self-Reciprocal Polynomials
Fix a non-square ζ ∈ k×. Given f(t) = ∑0≤i≤n aiti ∈ k[t], we define the ζ-reciprocal
polynomial f˘(t) as
f˘(t) =
∑
0≤i≤n
(
a0an−i
ζ i
)
ti = a0
(
t
ζ
)n
f
(
ζ
t
)
. (3.2)
We say that f(t) is ζ-self reciprocal if f(t) = f˘(t).
Lemma 3.5. The set of roots of a monic polynomial f(t) is invariant under the map α 7→
ζα−1 if and only if f(t) = f˘(t).
Proof. Let M = k
×
. Then each monic f ∈ k[t] is described by Eqs. 2.21-2.24 where each
bi ∈ M and these are the additive inverses of the roots of f . Suppose the roots of f are
invariant under α 7→ ζα−1. Then applying (2.24) we have
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ai = a0
∑
J⊆{1,2,...,n}
|J |=i
∏
j∈J
1
bj
= a0
∑
J⊆{1,2,...,n}
|J |=i
∏
j∈J
bj
ζ
=
a0an−i
ζ i
so f(t) = f˘(t).
Now suppose f(t) = f˘(t) = a0
(
t
ζ
)n
f
(
ζ
t
)
. Then f˘(α) = f(α) = 0 if and only f( ζ
α
) = 0,
so the set of roots is fixed by the map α 7→ ζα−1.
Lemma 3.6 ([GS11b, Lemma 2.2]). The number nζq,d of monic ζ-self-reciprocal polynomials
in Fq[t] of degree d is given by
nζq,d =

nq,d d is even
0 d is odd.
(3.3)
Proof. Let f(t) =
∑
0≤i≤d ait
i be monic and ζ-self-reciprocal. Then by (3.2) we must have
a20 = ζ
d. By construction ζ is a non-square, so if d is odd this is a contradiction and we must
have nζq,d = 0. If d is even then a0 ∈ {−ζ
d
2 , ζ
d
2}, and if q is even then a0 = ζ d2 = −ζ d2 .
The coefficients a0, a1, . . . , a d
2
determine the remaining coefficients. The coefficients
a1, . . . , a d
2
−1 can be chosen arbitrarily from Fq. By (3.2) we must have a d
2
= a0a d
2
ζ−
d
2 .
If a0 = ζ
d
2 then a d
2
is arbitrary. If a0 6= ζ d2 then we must have a d
2
= 0.
Lemma 3.7. Let n(u)ζq,d denote the number of monic ζ-self reciprocal polynomials of degree
d in Fq2 [t] that are products of u-irreducible polynomials. Then
n(u)ζq,d = n
ζ
q,d.
Proof. We showed in Lemma 3.6 that there are no ζ-self-reciprocal polynomials of odd degree.
So n(u)ζq,d = n
ζ
q,d = 0 for d odd.
Suppose d is even. A monic polynomial f(t) ∈ Fq2 [t] is a product of u-irreducible poly-
22
nomials and is ζ-self reciprocal if and only if f(t) = f˜(t) = f˘(t). So we must have
(
ai
a0
)q
=
a0ai
ζd−i
(3.4)
and
ai =
a0ad−i
ζ i
(3.5)
for all 1 ≤ i ≤ d. From (3.5) we must have a0 ∈ {−ζ d2 , ζ d2}. The coefficients 1 ≤ i ≤ d2 must
be chosen to satisfy (3.4), and the remaining coefficients are then determined by (3.5).
For all 0 < i < d, ai = 0 satisfies (3.4). If ai 6= 0, then (3.4) gives
aq−1i =
aq+10
ζd−i
(3.6)
which has q − 1 distinct solutions.
From (3.5) we must have
a d
2
=
a0a d
2
ζ
d
2
(3.7)
so if a0 6= ζ d2 , then a d
2
= 0.
For a0 = ζ
d
2 , there are q possible choices for each of the coefficients 1 ≤ i ≤ d
2
so there
are q
d
2 possible polynomials. Thus n(u)ζq,d = q
d
2 for even q. For a0 6= ζ d2 , there are q possible
choices for each of the coefficients 1 ≤ i < d
2
and we must have a d
2
= 0, so there are q
d
2
−1
possible polynomials. Thus n(u)ζq,d = q
d
2 + q
d
2
−1 for odd q. So n(u)ζq,d = n
ζ
q,d for all q, d.
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Chapter 4
Real Conjugacy Classes in GLn(q) and
PGLn(q)
In this chapter, we prove that the number of real GLn(q)-conjugacy classes contained in
SLn(q) equals the number of real PGLn(q)-conjugacy classes. In [GS11b] and [GS11a], Gill
and Singh proved this result for q even or n odd. We show that the result holds for q odd
by calculating generating functions for the two quantities and showing that they are equal.
4.1 Real Conjugacy Classes in GLn(q)
In [GS11b], Gill and Singh showed how to count the real conjugacy classes of GLn(q). In
this section, we outline their results. Recall that nq,k is the number of monic self-reciprocal
polynomials of degree k.
Lemma 4.1. A generating function for nq,k is
∞∑
k=0
nq,kx
k =
(1 + x)(2,q−1)
1− qx2 . (4.1)
Proof. For k > 0, nq,k is given by Lemma 3.2. For k = 0, nq,0 = 1.
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Case 1: q is odd. Then
∞∑
k=0
nq,kx
k = 1 +
∞∑
k=0
2qkx2k+1 +
∞∑
k=1
(qk + qk−1)x2k =
(1 + x)2
1− qx2 . (4.2)
Case 2: q is even. Then
∞∑
k=0
nq,kx
k = 1 +
∞∑
k=0
qkx2k+1 +
∞∑
k=1
qkx2k =
1 + x
1− qx2 . (4.3)
Lemma 4.2 ([GS11b, Proposition 3.7]). An element g ∈ GLn(q) is real (resp. ζ-real) if
and only if each polynomial ui in the sequence parametrizing the conjugacy class of g is
self-reciprocal (resp. ζ-self-reciprocal).
Thus, to count the real conjugacy classes of GLn(q), we must replace pq,mi with nq,mi in
our calculations from Sec. 2.2.
Corollary 4.3. The number of real GLn(q) conjugacy classes of type ν is given by
glν =
∏
i∈N
nq,mi . (4.4)
Theorem 4.4. A generating function for the number of GLn(q)-real conjugacy classes is
∞∑
n=0
xn
∑
|ν|=n
glν =
∞∏
i=1
(1 + xi)(2,q−1)
1− qx2i . (4.5)
Proof. We obtain a generating function for the total number of GLn(q)-real conjugacy classes
by inserting the factors of nq,k into the expansion of the partition function (2.17) and replac-
ing x with xi in (4.1):
∞∑
n=0
xn
∑
|ν|=n
glν =
∞∑
n=0
xn
∑
|ν|=n
∏
i∈N
nq,mi =
∞∏
i=1
∞∑
k=0
(xi)knq,k =
∞∏
i=1
(1 + xi)(2,q−1)
1− qx2i . (4.6)
25
4.2 Real GLn(q) Conjugacy Classes Contained in SLn(q)
Lemma 4.5 ([GS11b, Proposition 4.1] ). Let ν be a partition of n. Then the total number
of real GLn(q) conjugacy classes of type ν contained in SLn(q) is given by
slν =

1
2
(∏
i odd
nq,mi +
∏
i odd
n′q,mi
) ∏
i even
nq,mi q is odd and mi is even for all i odd
1
2
∏
i∈N
nq,mi q is odd and there exists i odd with mi odd∏
i∈N
nq,mi q is even
(4.7)
where
n′q,2k =

1 k = 0
qk − qk−1 k > 0.
(4.8)
Proof. Let C be a conjugacy class of type ν given by u = (u1(t), u2(t), . . .) where each ui is
monic and ci = ui(0) denotes the constant term of ui. Suppose that C is real and so ui is
self-reciprocal for all i. Then ci ∈ {−1, 1} for all i. Note that if mi = 0 then ui(t) = 1 and
so ci = 1.
The determinant of a matrix is the product of the eigenvalues. The characteristic poly-
nomial of the conjugacy class C is given by
∏
i∈N ui(t)
i. The zeroes of the characteristic
polynomial are the eigenvalues, so the constant term of the monic characteristic polynomial
is the product of the negative eigenvalues. Then det(g) = (−1)n∏i∈N cii ∈ {−1, 1} for all
g ∈ C. If q is even, then Fq has characteristic 2 and so all real GLn(q)-conjugacy classes lie
in SLn(q).
Suppose q is odd and there is some part j with jmj odd. There are
∏
i 6=j nq,mi possibilities
for u
uj
=
∏
i 6=j ui, all of which have (−1)n
∏
i 6=j c
i
i ∈ {−1, 1}. There are nq,mj = 2q
mj−1
2
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possibilities for uj, half with cj = 1 and half with cj = −1. So for any possible choice of uuj ,
exactly half of the possible choices for uj will give determinant 1. So the number of possible
sequences of ui with determinant 1 is given by
1
2
nq,mj
∏
i 6=j nq,mi =
1
2
∏
i∈N nq,mi .
Suppose q is odd and all odd parts have even multiplicity. Then n must be even, so
we must have det(g) =
∏
i odd c
i
i = 1. The number of possibilities for the subsequence of ui
corresponding to odd i is given by
∏
i odd
nq,mi = (q + 1)
r
∏
i odd
mi>0
q
mi
2
−1
where r is the number of odd i with mi > 0. The factor of q + 1 in nq,mi corresponds to
the number of choices for the coefficient ami
2
. The q corresponds to the case where a0 = 1
and ami
2
is arbitrary. The 1 corresponds to the case where a0 = −1 and ami
2
must be zero.
We must count the number fν(q) of subsequences with an even number of constant terms
equal to −1. This is equivalent to counting the number of terms in the expansion of (q+ 1)r
in which 1 occurs an even number of times. Then fν(q) =
1
2
((q + 1)r + (q − 1)r) and the
number of possible choices of u with determinant 1 is given by
fν(q)
∏
i odd
mi>0
q
mi
2
−1 ∏
i even
nq,mi =
1
2
(∏
i odd
nq,mi +
∏
i odd
n′q,mi
) ∏
i even
nq,mi .
Lemma 4.6. When q is odd, a generating function for the number of real GLn(q) conjugacy
classes contained in SLn(q) is
∞∑
n=0
xn
∑
|ν|=n
slν =
1
2
 ∞∏
i=1
(1 + x2i) +
∞∏
i=1
(1 + xi)2
 ∞∏
i=1
1
1− qx2i . (4.9)
Proof. We will calculate a generating function for each of the cases in Lemma 4.5, and then
combine these to obtain the result.
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Case 1:
Let p1(n) denote the number of partitions of n with even multiplicity for all odd parts. A
generating function for p1(n) is
∞∑
n=0
p1(n)x
n =
∞∏
i=1
∞∑
k=0
(x2i)k
∞∏
i=1
∞∑
k=0
(x2i−1)2k. (4.10)
Inserting the factors of nq,k into the expansion of (4.10) and using (4.6) we obtain
∞∑
n=0
xn
∑
|ν|=n
imi even ∀i
slν =
1
2
∞∑
n=0
xn
∑
|ν|=n
imi even ∀i
(∏
i odd
nq,mi +
∏
i odd
n′q,mi
) ∏
i even
nq,mi
=
1
2
 ∞∏
i=1
∞∑
k=0
(x2i−1)2knq,2k +
∞∏
i=1
∞∑
k=0
(x2i−1)2kn′q,2k
 ∞∏
i=1
∞∑
k=0
(x2i)knq,k. (4.11)
We have
∞∑
k=0
(x2i−1)2knq,2k =
∞∑
k=0
qk(x2i−1)2k +
∞∑
k=1
qk−1(x2i−1)2k =
1 + x4i−2
1− qx4i−2 (4.12)
and
∞∑
k=0
(x2i−1)2kn′q,2k =
∞∑
k=0
qk(x2i−1)2k −
∞∑
k=1
qk−1(x2i−1)2k =
1− x4i−2
1− qx4i−2 . (4.13)
Inserting (4.6), (4.12), and (4.13) into (4.11) we obtain
∞∑
n=0
xn
∑
|ν|=n
imi even ∀i
slν =
1
2
 ∞∏
i=1
1 + x4i−2
1− qx4i−2 +
∞∏
i=1
1− x4i−2
1− qx4i−2
 ∞∏
i=1
(1 + x2i)2
1− qx4i
=
1
2
 ∞∏
i=1
(1 + x4i−2) +
∞∏
i=1
(1− x4i−2)
 ∞∏
i=1
(1 + x2i)2
1− qx2i . (4.14)
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Case 2:
Let p2(n) denote the number of partitions of n with imi odd for at least one part i. A
generating function for p2(n) is
∞∑
n=0
p2(n)x
n =
∞∑
n=0
p(n)xn −
∞∑
n=0
p1(n)x
n =
∞∏
i=1
∞∑
k=0
(xi)k −
∞∏
i=1
∞∑
k=0
(x2i)k
∞∑
k=0
(x2i−1)2k. (4.15)
Inserting the factors of nq,k into the expansion of (4.15) and using (4.6) we obtain
∞∑
n=0
xn
∑
|ν|=n
∃ i with imi odd
slν =
1
2
∞∑
n=0
xn
∑
|ν|=n
∃ i with imi odd
∏
i∈N
nq,mi
=
1
2
 ∞∏
i=1
∞∑
k=0
(xi)knq,k −
∞∏
i=1
∞∑
k=0
(x2i)knq,k
∞∑
k=0
(x2i−1)2knq,2k

=
1
2
 ∞∏
i=1
(1 + xi)2
1− qx2i −
∞∏
i=1
(1 + x2i)2
1− qx4i
1 + x4i−2
1− qx4i−2

=
1
2
 ∞∏
i=1
(1 + xi)2 −
∞∏
i=1
(1 + x2i)2(1 + x4i−2)
 ∞∏
i=1
1
1− qx2i . (4.16)
Combining (4.14) and (4.16) we obtain
∞∑
n=0
xn
∑
|ν|=n
slν =
1
2
 ∞∏
i=1
(1 + x2i)2(1− x4i−2) +
∞∏
i=1
(1 + xi)2
 ∞∏
i=1
1
1− qx2i . (4.17)
Using the identity
∞∏
i=1
(1 + x2i)(1− x4i−2) =
∞∏
i=1
(1− x4i)(1− x4i−2)
1− x2i =
∞∏
i=1
1− x2i
1− x2i = 1. (4.18)
we obtain
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∞∑
n=0
xn
∑
|ν|=n
slν =
1
2
 ∞∏
i=1
(1 + x2i) +
∞∏
i=1
(1 + xi)2
 ∞∏
i=1
1
1− qx2i . (4.9)
4.3 Real Conjugacy Classes in PGLn(q)
Theorem 4.7. ([GS11a] Theorem 2.8) The number of real conjugacy classes of type ν in
PGLn(q) is given by
pglν =
1
2σν
∏
i∈N
nq,mi (4.19)
where
σν =

0 if |q gcd(m1,m2, . . .)|2 > 1
1 if |q gcd(m1,m2, . . .)|2 = 1.
(4.20)
When q is even, Lemma 4.5 and Theorem 4.7 give slν = pglν = glν . Thus we have the
following corollary:
Corollary 4.8. When q is even or n is odd, pglν = slν for all |ν| = n, and the number of
real conjugacy classes in PGLn(q) is equal to the number of real GLn(q)-conjugacy classes
contained in SLn(q).
Corollary 4.8 was observed by Gill and Singh in [GS11a].
Lemma 4.9. When q is odd, a generating function for the number of real conjugacy classes
contained in PGLn(q) is
∞∑
n=0
xn
∑
|ν|=n
pglν =
1
2
 ∞∏
i=1
(1 + x2i) +
∞∏
i=1
(1 + xi)2
 ∞∏
i=1
1
1− qx2i . (4.21)
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Proof. We wish to calculate a generating function for
∞∑
n=0
xn
∑
|ν|=n
pglν =
∞∑
n=0
xn
 ∑
|ν|=n
all mi are even
∏
i∈N
nq,mi +
1
2
∑
|ν|=n
∃ mi odd
∏
i∈N
nq,mi

=
1
2
∞∑
n=0
xn
 ∑
|ν|=n
all mi are even
∏
i∈N
nq,mi +
∑
|ν|=n
∏
i∈N
nq,mi
 .
Let peven(n) denote the number of partitions of n with all even multiplicities. A generating
function for peven(n) is
∞∑
n=0
peven(n)x
n =
∞∏
i=1
∞∑
k=0
(xi)2k. (4.22)
Inserting the factors of nq,k into (4.22) and using (4.6) we obtain
∞∑
n=0
xn
∑
|ν|=n
all mi are even
∏
i∈N
nq,mi =
∞∏
i=1
∞∑
k=0
(xi)2knq,2k =
∞∏
i=1
1 + x2i
1− qx2i . (4.23)
Combining (4.23) with (4.6) we obtain the result
∞∑
n=0
xn
∑
|ν|=n
pglν =
1
2
 ∞∏
i=1
(1 + x2i) +
∞∏
i=1
(1 + xi)2
 ∞∏
i=1
1
1− qx2i . (4.21)
Theorem 4.10. For all n, q the number of real GLn(q) conjugacy classes contained in SLn(q)
is equal to the number of real PGLn(q) conjugacy classes.
Proof. The case for even q is given by Corollary 4.8. The case for odd q follows from the
equality of the generating functions in Lemmas 4.6 and 4.9.
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Chapter 5
Real Conjugacy Classes in Un(q) and
PGUn(q)
In this chapter, we show that the number of real Un(q)-conjugacy classes contained in SUn(q)
equals the number of real GLn(q)-conjugacy classes contained in SLn(q), and the number
of real PGUn(q) conjugacy classes equals the number of real PGLn(q) conjugacy classes.
Combining these results with Theorem 4.10, we show that all four sets of conjugacy classes
have equal size.
5.1 Real Conjugacy Classes in Un(q)
Let guν denote the number of real conjugacy classes of type ν in Un(q) and let suν denote
the number of real conjugacy classes of type ν in Un(q) that are contained in SUn(q). In
Lemma 3.3, we showed that the set of self-reciprocal polynomials in Fq2 [t] that are products
of u-irreducible polynomials is exactly the set of self-reciprocal polynomials in Fq[t]. Thus
we have the following corollary.
Corollary 5.1. For any partition ν, guν = glν and suν = slν.
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5.2 Real Conjugacy Classes in PGUn(q)
In [GS11a], Gill and Singh counted the real conjugacy classes of PGLn(q). In this section,
we use identical methods to count the real conjugacy classes of PGUn(q).
5.2.1 Reality in PGUn(q)
For a group G with center Z, we say that gZ ∈ G/Z lifts to h ∈ G if hZ = gZ. We say that
h projects onto gZ if hZ = gZ. For the remainder of this section, Z will refer to the center
of the unitary group, Z = Z(Un(q)).
Let Uq = {η ∈ Fq2 : ηq+1 = 1} = {η ∈ Fq2 : ηIn ∈ Un(q)} denote the set of unitary
scalars. We will abuse notation and write η to mean ηIn.
In [GS11b], Gill and Singh introduced the concept of ζ-reality. For a fixed non-square
ζ ∈ Uq, we say g ∈ Un(q) is ζ-real if g is conjugate to ζg−1 in Un(q).
Lemma 5.2. Fix a non-square ζ ∈ Uq. If gZ ∈ PGUn(q) is real, then gZ lifts to a real or
ζ-real element in Un(q).
Proof. If gZ is real, then there is some x ∈ PGUn(q) such that xgx−1Z = g−1Z, so xgx−1g =
η for some η ∈ Z. If η = λ2 is a square, then λ−1xgx−1 = λg−1 and gZ lifts to the real
element λ−1g. If η is not a square then η = ζλ2 for some λ ∈ Uq. Then xλ−1gx−1 = ζλg−1
and gZ lifts to the ζ-real element λ−1g.
If the conjugacy class of g ∈ Un(q) is parametrized by the sequence of polynomials
(u1(t), u2(t), . . .), then the conjugacy class of η
−1g is parametrized by the monic scalar multi-
ples of (u1(ηt), u2(ηt), . . .). Thus the conjugacy class of gZ ∈ PGUn(q) is the union of the con-
jugacy classes parametrized by the sequences in the set {( 1
ηn1
u1(ηt),
1
ηn2
u2(ηt), . . .) : η ∈ Uq}
where ni is the degree of ui, and counting the real conjugacy classes of PGUn(q) is equivalent
to counting the distinct orbits of sequences (u1(t), u2(t), . . .) which parametrize real or ζ-real
classes in Un(q).
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5.2.2 Equivalence Classes of Real and ζ-Real Polynomials
Let Tn denote the set of self-reciprocal polynomials in Fq2 [t] that are products of u-irreducible
polynomials. Let Sn denote the set of ζ-self-reciprocal polynomials in Fq2 [t] that are products
of u-irreducible polynomials. Recall from Lemma 4.2 that an element g ∈ Un(q) ≤ GLn(q2)
is real (resp. ζ-real) if and only if each polynomial ui in the sequence parametrizing the
conjugacy class of g is self-reciprocal (resp. ζ-self-reciprocal).
We say f(t) and g(t) are equivalent if f(t) = 1
ηn
g(ηt) for η ∈ Uq, where n is the degree
of f and g. Let [f ] = { 1
ηn
f(ηt) : η ∈ Uq} denote the equivalence class of f . Following the
notation in [GS11a], let [f ]T = [f ] ∩ Tn and [f ]S = [f ] ∩ Sn.
For k ∈ Z, let |k|2 denote the largest power of 2 which divides k.
Lemma 5.3. If f(t) =
∑
0≤i≤n ait
i and {f(t), 1
ηn
f(ηt)} ⊂ Tn, then |η|
∣∣∣2k for all k such that
ak 6= 0.
Proof. Let g(t) = 1
ηn
f(ηt) =
∑
0≤i≤n
ait
i
ηn−i ∈ Tn. Then g(t) has constant term g(0) = a0ηn
so we must have ηn ∈ {−1, 1} because f and g are self-reciprocal. Then we must have
ai
ηn−i =
an−i
g(0)ηi
= η
n−ian−i
a0
= aiη
n−i for all 0 ≤ i ≤ n. Then we must have η2k = η2n = 1 for all
k such that ak 6= 0. So |η|
∣∣∣2k for all such k.
Lemma 5.4. If f(t) =
∑
0≤i≤n ait
i and {f(t), 1
ηn
f(ηt)} ⊂ Sn, then |η|
∣∣∣2k for all k such that
ak 6= 0.
Proof. Let g(t) = 1
ηn
f(ηt) =
∑
0≤i≤n
ait
i
ηn−i ∈ Sn. Then g(t) has constant term g(0) = a0ηn and
g is ζ-self-reciprocal so ai
ηn−i =
an−ig(0)
ηiζi
= an−ia0
ηn+iζi
= ai
ηn+i
for all 0 ≤ i ≤ n. Then we must have
η2k = 1 for all k such that ak 6= 0. So |η|
∣∣∣2k for all such k.
Lemma 5.5. If q is even then [f ]T and [f ]S contain at most one element. If q is odd then
[f ]T and [f ]S contain at most two elements.
Proof. Let X ∈ {T, S}. Take f(t) ∈ Xn and η ∈ Uq such that 1ηnf(ηt) ∈ Xn. Then by
Lemmas 5.3 and 5.4, |η|
∣∣∣2k for all k such that ak 6= 0.
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If q is even, then |η| is odd because |η|
∣∣∣q + 1. Then |η|∣∣∣k for all k such that ak 6= 0 so
f(t) ∈ Fq2 [t|η|] and 1ηnf(ηt) = f(t) as required.
Suppose q is odd. If |η| is odd then f(t) ∈ Fq2 [t|η|] and 1ηnf(ηt) = f(t) as above. Suppose
|η| is even. Then |η|
2
∣∣∣k so f(t) ∈ Fq2 [t |η|2 ] and so 1η2nf(η2t) = f(t).
Suppose 1
ηn
f(ηt), 1
n
f(t) ∈ Xn and 1ηnf(ηt), 1nf(t) 6= f(t) for some η,  ∈ Uq. We will
show that 1
ηn
f(ηt) = 1
n
f(t). We must have f(t) ∈ Fq2 [t
|η|
2 ] ∩ Fq2 [t
||
2 ] = Fq2 [tlcm(
|η|
2
,
||
2 )] and
f(t) /∈ Fq2 [t|η|] ∪ Fq2 [t||]. If
∣∣|η|∣∣
2
<
∣∣||∣∣
2
then |η|
∣∣∣lcm( |η|2 , ||2 ), and vice versa. So we must
have
∣∣|η|∣∣
2
=
∣∣||∣∣
2
. Then a |η|
2
= b ||
2
for a, b ∈ Z if and only if |a|2 = |b|2. Then η and 
flip the sign of coefficients of ta
|η|
2 for odd a and leave the other coefficients unchanged. So
1
ηn
f(ηt) = 1
n
f(t).
Lemmas 5.3-5.5 are the unitary analogs of [GS11a, Lemma 2.2].
Lemma 5.6. Let q be odd and n be even.
1. If f(t) ∈ Sn, then 1λnf(λt) ∈ Tn if and only if f(t) ∈ Fq2 [t|q+1|2 ] and λ2 = ηζ for some
η ∈ Uq with
∣∣|η|∣∣
2
= |q + 1|2.
2. If f(t) ∈ Tn, then 1λnf(λt) ∈ Sn if and only if f(t) ∈ Fq2 [t|q+1|2 ] and λ2 = ηζ for some
η ∈ Uq with
∣∣|η|∣∣
2
= |q + 1|2.
Proof. Suppose that f(t) ∈ Sn. Then
f(t) = an
2
t
n
2 +
n
2
−1∑
i=0
[
ait
i +
a0ai
ζn−i
tn−i
]
with a0 ∈ {−ζ n2 , ζ n2 } and an
2
= an
2
a0
ζ
n
2
. Then
g(t) =
1
λn
f(λt) = an
2
t
n
2
λ
n
2
+
n
2
−1∑
i=0
[
ai
λn−i
ti +
a0ai
ζn−iλi
tn−i
]
.
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Then g(0) = a0
λn
. Then g ∈ Tn if and only if
ai
λn−i
=
a0ai
ζn−iλig(0)
=
aiλ
n−i
ζn−i
for all 0 ≤ i ≤ n. So for all 0 ≤ i ≤ n such that ai 6= 0 we must have (λ2)n−i = ζn−i. We
have ai 6= 0 if and only if an−i 6= 0 so we must have λ2i = ζ i for all i such that ai 6= 0. Then
λ2 = ηζ for some η such that ηi = 1 for all i such that ai 6= 0. So |η|
∣∣∣gcd{i : ai 6= 0}. ζ is not
a square so η must not be a square, so we must have |q + 1|2
∣∣∣|η|. So we must have |q + 1|2∣∣∣i
for all ai 6= 0 and thus f(t) ∈ Fq2 [t|q+1|2 ].
Suppose that f(t) ∈ Tn. Then
f(t) = an
2
t
n
2 +
n
2
−1∑
i=0
[
ait
i +
ai
a0
tn−i
]
with a0 ∈ {−1, 1} and an
2
= a0an
2
. Then
g(t) =
1
λn
f(λt) = an
2
t
n
2
λ
n
2
+
n
2
−1∑
i=0
[
ai
λn−i
ti +
ai
a0λi
tn−i
]
.
Then g(0) = a0
λn
. Then g ∈ Sn if and only if
ai
λn−i
=
aig(0)
a0λiζ i
=
ai
λi+nζ i
for all 0 ≤ i ≤ n. So for all 0 ≤ i ≤ n such that ai 6= 0 we must have λ2i = 1ζi . Then λ2 = ηζ
for some η such that ηi = 1 for all i such that ai 6= 0. So |η|
∣∣∣gcd{i : ai 6= 0}. By construction
ζ is not a square so η must not be a square, so we must have |q + 1|2
∣∣∣|η|. So we must have
|q + 1|2
∣∣∣i for all ai 6= 0 and thus f(t) ∈ Fq2 [t|q+1|2 ].
Lemma 5.7. Let q be odd.
1. If n is odd then Sn is empty and if f(t) ∈ Tn, then
∣∣[f ]T ∣∣ = 2.
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2. Suppose n is even. Let X ∈ {T, S}.
(a) If f(t) /∈ Fq2 [t|q+1|2 ] and f(t) ∈ Xn, then
∣∣[f ]X∣∣ = 2 and [f ]Xc = ∅.
(b) If f(t) ∈ Fq2 [t|q+1|2 ] and f(t) ∈ Xn, then
∣∣[f ]X∣∣ = ∣∣[f ]Xc∣∣ = 1.
Proof. Let n be odd. There are no ζ-self-reciprocal polynomials of odd order, so Sn = ∅.
We can partition Tn into the sets Fn and Gn defined by
Fn = {f(t) ∈ Tn : f(0) = 1} Gn = {f(t) ∈ Tn : f(0) = −1}. (5.1)
For odd n, there is a bijection between Fn and Gn given by f(t) 7→ −f(−t). So for
f ∈ Tn, [f ]T = {f(t), f(−t)}.
Let n be even. Let f ∈ Xn. Then [f ]X = {f(t), 1ηnf(ηt)} where these are not necessarily
distinct. From the proof of Lemma 5.5, we may assume without loss of generality that the
order of η is a power of 2. If f(t) ∈ Fq2 [t|q+1|2 ] then 1ηnf(ηt) = f(t) so
∣∣[f ]X∣∣ = 1, and∣∣[f ]Xc∣∣ = 1 by Lemma 5.6.
If f(t) /∈ Fq2 [t|q+1|2 ] let e be the smallest power of 2 such that f(t) /∈ Fq2 [te]. There is some
η ∈ Uq of order e. Then η acts on f by flipping the sign of the coefficients of tke/2 for odd k.
We have e - n so n
e/2
is odd. So the sign of exactly one coefficient in each nonzero pair ai, an−i
is changed. Thus 1
ηn
f(ηt) ∈ Xn and 1ηnf(ηt) 6= f(t). Lemma 5.6 implies [f ]Xc = ∅.
Lemmas 5.6 and 5.7 are the unitary analogs of [GS11a, Lemma 2.3].
5.2.3 Counting Real Conjugacy Classes in PGUn(q)
Let pguν denote the number of real conjugacy classes of type ν contained in PGUn(q). In
this section we calculate pguν for different possible cases of q and ν .
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5.2.4 q is even
Every element in a finite field of characteristic 2 is a square, so there are no ζ-real conjugacy
classes. By Lemma 5.5, each PGUn(q)-real class lifts to only one Un(q)-real class. So
pguν = guν .
5.2.5 q is odd
Lemma 5.8. If C is a real (resp. ζ-real) class in Un(q) then C is equivalent to at most one
other real (resp. ζ-real) class in Un(q).
Proof. Let C be a real (resp. ζ-real) class in Un(q) parametrized by the sequence of polynomi-
als u(t) = (u1(t), u2(t), . . .). We would like to determine the size of the set {( 1ηn1 u1(ηt), 1ηn2 u2(ηt), . . .) :
η ∈ Uq, ui(t) ∈ Tni (resp. Sni) ∀i}.
Suppose the class Cη parametrized by
1
ηn
u(ηt) = ( 1
ηn
u1(ηt),
1
ηn
u2(ηt), . . .) is real (resp.
ζ-real), so ui(t) ∈ Tni (resp. Sni) for all i. Let e be the largest power of 2 such that each
ui(t) ∈ Fq2 [te/2]. If
∣∣|η|∣∣
2
< e then Cη = C. If
∣∣|η|∣∣
2
> e then Cη is not real by Lemmas 5.3
and 5.4. So if Cη 6= C and Cη is real then we must have
∣∣|η|∣∣
2
= e, and from the proof of
Lemma 5.5 we have 1
n
u(t) = 1
ηn
u(ηt) for all  ∈ Uq with
∣∣||∣∣
2
=
∣∣|η|∣∣
2
. So there is at most
one distinct real (resp. ζ-real) class in Un(q) which is equivalent to C.
Lemma 5.8 is the unitary analog of [GS11a, Lemma 2.5].
Lemma 5.9. Let C be a conjugacy class of type ν in Un(q) parametrized by u(t) = (u1(t), u2(t), . . .).
Let d(ν) = |(n1, n2, . . .)|2.
1. If d(ν) = 1, then there are no ζ-real classes of type ν, and the real classes of type ν are
partitioned into equivalence classes of size 2.
2. Suppose d(ν) ≥ 2.
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(a) If C is real (resp. ζ-real) and there is some ui(t) /∈ Fq2 [t|q+1|2 ], then C is equivalent
to one other real (resp. ζ-real) class and is not equivalent to any ζ-real (resp. real)
class.
(b) If C is real (resp. ζ-real) and each ui(t) ∈ Fq2 [t|q+1|2 ], then C is equivalent to
one other ζ-real (resp. real) class and C is not equivalent to any other real (resp.
ζ-real) class.
Proof. Suppose d(ν) = 1. Then ni is odd for some i, so there can be no ζ-real classes of type
ν. Suppose C is real. Since there is an odd ni, −u(−t) 6= u(t) is a distinct equivalent real
class. So the real classes are partitioned into equivalence classes of size 2.
Suppose d(ν) ≥ 2 and let C be real (resp. ζ-real). If each ui(t) ∈ Fq2 [t|q+1|2 ], then Lemma
5.7 implies that C is not equivalent to any other real (resp. ζ-real) class. Lemma 5.6 implies
that C is equivalent to exactly one ζ-real (resp. real) class parametrized by 1
λn
u(λt), for λ
given by Lemma 5.6.
If there is at least one ui /∈ Fq2 [t|q+1|2 ], then Lemma 5.6 implies that C is not equivalent
to any ζ-real (resp. real) class. Let e be the largest power of 2 such that each ui ∈ Fq2 [te/2]
and take η ∈ Uq of order e. Then C is equivalent to the the distinct real (resp. ζ-real) class
parametrized by 1
ηn
u(ηt).
Lemma 5.9 is the unitary analog of [GS11a, Lemma 2.6].
Corollary 5.10. Let q be odd and let ν = 1n12n2 · · · be a partition of n. If d = 1 then
pguν =
1
2
guν. If d > 1 then pguν = guν.
Corollary 5.11. For any partition ν, pguν = pglν.
Combining Theorem 4.10, Corollary 5.1, and Corollary 5.11, we arrive at the main the-
orem, which generalizes Corollary 4.8.
Theorem 5.12. For all n, q, the following sets have equal size:
1. real GLn(q) conjugacy classes contained in SLn(q)
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2. real PGLn(q) conjugacy classes
3. real Un(q) conjugacy classes contained in SUn(q)
4. real PGUn(q) conjugacy classes.
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Chapter 6
Further Work
Let G be a group. We say g ∈ G is strongly real if there exists x ∈ G such that xgx−1 = g−1
and x2 = 1. If g is strongly real, then all elements in the conjugacy class of g are strongly
real, so we may refer to strongly real conjugacy classes.
Theorem 5.12 specializes Theorems 1.3 and 1.4 to the case of real conjugacy classes.
All real conjugacy classes of GLn(q) and PGLn(q) are strongly real, so Theorem 1.3 also
specializes to the strongly real case. In the case of the unitary groups, it is not true that all
real conjugacy classes are strongly real. It is natural to ask whether Theorem 1.4 specializes
to the strongly real case. The strongly real classes of Un(q) were classified for odd q by Gates,
Singh, and Vinroot in [GSV14]. This classification could be used to attempt to specialize
Theorem 1.4 to the strongly real case when q is odd. The strongly real classes of Un(q) have
not been completely classified for even q.
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